Systems with the power-law quasiparticle dispersion k ∝ k α exhibit non-Anderson disorderdriven transitions in dimensions d > 2α, as exemplified by Weyl semimetals, 1D and 2D arrays of ultracold ions with long-range interactions, quantum kicked rotors and semiconductor models in high dimensions. We study the wavefunction structure in such systems and demonstrate that at these transitions they exhibit fractal behaviour with an infinite set of multifractal exponents. The multifractality persists even when the wavefunction localisation is forbidden by symmetry or topology and occurs as a result of elastic scattering between all momentum states in the band on length scales shorter than the mean free path. We calculate explicitly the multifractal spectra in semiconductors and Weyl semimetals using one-loop and two-loop renormalisation-group approaches slightly above the marginal dimension d = 2α.
Systems with the power-law quasiparticle dispersion k ∝ k α exhibit non-Anderson disorderdriven transitions in dimensions d > 2α, as exemplified by Weyl semimetals, 1D and 2D arrays of ultracold ions with long-range interactions, quantum kicked rotors and semiconductor models in high dimensions. We study the wavefunction structure in such systems and demonstrate that at these transitions they exhibit fractal behaviour with an infinite set of multifractal exponents. The multifractality persists even when the wavefunction localisation is forbidden by symmetry or topology and occurs as a result of elastic scattering between all momentum states in the band on length scales shorter than the mean free path. We calculate explicitly the multifractal spectra in semiconductors and Weyl semimetals using one-loop and two-loop renormalisation-group approaches slightly above the marginal dimension d = 2α.
After half a century of studies, disorder-driven transitions in conducting materials still motivate extensive research efforts. Anderson localisation (AL) transition is responsible for turning a metal into an insulator when increasing the disorder strength in dimensions d ≥ 2 and was believed for several decades to be the only possible disorder-driven transition in non-interacting systems. AL continues to fascinate researchers by its peculiar and universal properties, such as, e.g., multifractality-fractal behaviour of the wavefunctions at the transition with an infinite set of multifractal exponents [1, 2] .
A broad class of systems with the power-law quasiparticle dispersion k ∝ k α in dimensions d > 2α displays, however, another single-particle disorder-driven transition distinct from AL [3, 4] . This transition, unlike AL, occurs only near a band edge [45] or at a nodal point (in a semimetal). It reflects in the critical behaviour of the disorder-averaged density of states (in contrast with AL), as well as in other physical observables, e.g., conductivity.
Such a transition has first been proposed [6, 7] for the specific case of Dirac semimetals (α = 1, d = 3) and has recently sparked vigorous studies [8] [9] [10] [11] [12] [3, 4] [ [13] [14] [15] [16] [17] [18] [19] [20] [21] of its critical properties in 3D Weyl and Dirac systems [22] [23] [24] . Other playgrounds for the observation of this non-Anderson disorder-driven transition are 1D and 2D arrays of trapped ultracold ions with longrange interactions [25] , quantum kicked rotors [4] (mappable onto high-dimensional semiconductors), and numerical simulations of Schroedinger equation in d ≥ 5 dimensions [26] [27] [28] [29] .
Despite these comprehensive studies, the wavefunction structure at these non-Anderson disorder-driven transitions is rather poorly understood. Such transitions are not necessarily accompanied by localisation; they can occur between two phases of localised states [like in 1D (non-chiral) chains of trapped ions [25] ] or between two phases of delocalised states [e.g., in single-node Weyl semimetals (WSMs)] or between localised and delocalised states (in a high-dimensional semiconductor [4] ). Particle wavefunctions in all of these cases are characterised by a correlation length that diverges from both sides of the transition.
Results. In this paper we study microscopically wavefunctions ψ(r) at the non-Anderson disorder-driven transitions and demonstrate their multifractal nature. When delocalised states are allowed by symmetry, dimensions, and topology, the typical wavefunctions at the critical disorder strength have a fractal structure and are characterised by a universal non-linear multifractal spectrum ∆ q , defined [1, 2] by the inverse participation ratios (IPRs)
in the limit of an infinite system size L → ∞. Such multifractal behaviour persists even if the wavefunctions are delocalised on both sides of the transition (like in a singlenode WSM). Unlike the AL transition, here the multifractal spectrum ∆ q is determined by the elastic scattering on length scales shorter than the mean free path. In systems that allow for localised states near the transition, these states scale as |ψ(r)| 2q dr ∝ ξ
when approaching it, where ξ is the localisation length divergent at the transition. In this paper we also calculate the multifractal spectrum ∆ q explicitly for several systems. We find the multifractal spectrum of a disordered system with the power-law quasipatricle dispersion k = a|k| α in dimensions d > 2α in the orthogonal symmetry class, in the expansion in powers of ε, to be
where ε = 2α − d (and ε < 0). For Weyl semimetals, k =σk, in d = 2−ε dimensions
We note that on sufficiently short length scales the multifractality in a Weyl semimetal is similar (with ε replaced by the dimensionless disorder strength) to that of 2D Dirac fermions on the surfaces of a 3D topological insulator, studied in Ref. [30] . Although there is no phase transition in such 2D systems, their wavefunctions display non-universal short-length multifractal behaviour [30, 31] , in contrast with the universal multifractality (3) that persists at all length scales. The phase diagram of a finite-size system near a nonAnderson disorder-driven transition is shown in Fig. 1 . In what follows we measure all energies from a nodal point or a (renormalised [4] ) band edge [45] set to E = 0.
For disorder strengths weaker than a critical value ("weak-disorder phase" in Fig. 1 ), κ < κ c , the disorder is perturbatively irrelevant [3, 4] with the dimensionless disorder strength γ(E) ∼ [τ (E)E] −1 vanishing at small energies E → 0, where τ (E) is the elastic scattering time.
Unlike the case of low dimensions, the lowest-energy levels of a sufficiently large high-dimensional system are discrete for κ < κ c , as the "level width" τ (E) −1 vanishes faster than the spatial-quantisation gaps ∼ E ∝ L −α between the lowest levels at E → 0. The interplay of the level discreteness with multifractality will be discussed below.
For supercritical disorder strength, κ > κ c , the dimensionless disorder strength grows at low energies, until reaching the value γ ∼ 1 that marks the boundary of the "strong-disorder phase" (that for d > 2-dimensional semiconductors in the orthogonal symmetry class also matches the mobility threshold) in Fig. 1 .
Inverse participation ratios. The wavefunction structure at energy E and disorder strength κ is conveniently characterised by the disorder-averaged IPRs [2, 32, 33] 
where
E−En±iη are the retarded and advanced Green's functions with an artificially introduced "dephasing rate" η, E n are the energies of the eigenstates ψ n for a given disorder realisation, and ρ(E) is the (disorder-averaged) density of states.
Below we compute the disorder-averaged IPRs (4) near the critical point (E = 0, κ = κ c ) as a function of the system size L or the localisation length ξ. The IPRs, Eq. (4), are mimicked by the diagram in Fig. 2a .
Unlike the case of low dimensions, d < 2α, the lowenergy properties of high-dimensional materials under consideration are affected by elastic scattering between all momenta in the band [4] . Such ultraviolet processes are qualitatively important on length scales shorter than the mean free path , and, in particular, determine the criticality and multifractality near the transition point due to the diverging . This leads to the critical properties and multifractal spectrum different from those at the usual AL transition, that occurs for states away from nodes and band edges and is described by non-linear sigma-models [1] on length scales longer than the mean free path.
Renormalisation procedure. The effects of the ultraviolet scattering can be addressed in a controlled way by means of a perturbative renormalisation-group (RG) controlled by the small parameter [10] To perform renormalisations, we rewrite the disorder-averaged IPRs using a supersymmetric [1] field theory:
where ψ † and ψ are 4-component supervectors in the F B ⊗ RA (fermion-boson ⊗ retarded-advanced) space, s and s * are the bosonic components of the supervectors, and Λ = (σ z ) RA ⊗ 1 F B . The factors with Λ-matrices in Eq. (5b) ensure the convergence of the supersymmetric integral with respect to the bosonic variables [33] .
Upon repeatedly integrating out shells of highest momenta, the action (5b)-(5c) reproduces itself with renormalised disorder strength κ(K) and the parameters λ(K) and V (K) that "flow" with the running cutoff K and initial values κ(K 0 ) = κ 0 , λ(K) = 1, and V (K) = 1, where K 0 is the ultraviolet momentum cutoff set by the bandwidth or the impurity size [4] .
The parameters λ and V grow upon coarse-graining and exhibit singular behaviour with
at the critical disorder, κ = κ c . The IPRs (4) can be rewritten as
is the IPR of an effective renormalised system with the same quasiparticle dispersion k ∝ k α , but with renormalised disorder strength κ and energy λE and that excludes scattering into momentum states k > K that were removed by the RG procedure.
The RG has to be stopped either when the spatial quantisation effects become important or if it runs into the regime of strong disorder, κK −ε ∼ 1. The renormalised system is then equivalent to a simple (lowdimensional) system with discrete energy levels or with a constant density of states and unaffected by scattering into high-momentum modes; the IPR P q of such a system can be found using conventional methods developed for low-dimensional systems [1, 33] .
Fractality of delocalised states. In what immediately follows we consider a system with delocalised finiteenergy states at κ = κ c [along path 1 in Fig. (1) ], as, e.g., in a d > max(2, 2α)-dimensional system with potential disorder.
The RG procedure at critical disorder is terminated when either the momentum K reaches 1/L or the spatial quantisation effects become important (i.e. the energy levels become discrete). The renormalised system is then either ballistic (for small ε, that ensures weak disorder at the critical point) or equivalent to a usual weakly disordered metal (for larger ε), with [ 
, which, together with Eq. (7) gives the multifractal spectrum
Localised states. For trivial-topology systems in the orthogonal symmetry class the states in the "strongdisorder phase" (Fig. 1) are localised. Also, all states on the phase diagram are localised in systems in d ≤ 2 dimensions (if allowed by symmetry/topology).
Near the critical point of the non-Anderson disorderdriven transition localised states are still multifractal on length scales shorter than the localisation length ξ (that diverges at the transition).
For zero-energy states at supercritical disorder, κ > κ c , (along path 2 in Fig. 1 ) the RG is stopped when reaching strong disorder, κ(K)K −ε ∼ 1. Such E = 0-states are then characterised by only one length scale K −1 that gives the localisation length ξ. Similarly to the case of delocalised states in a size-L system, we find that λ(K ξ −1 ) ∝ ξ z−α , and the participation ratio
with the multifractal spectrum (8) . The non-trivial scaling of the IPR (9) with the size of the localisation cell reflects the multifractality of the wavefunctions on length scales L < ξ.
Orthogonal semiconductors. For a disordered system with the quasiparticle dispersion k = a|k| α the RG flow of the system parameters is given in terms of the dimensionless disorder strength γ = 4C d κK −ε /a 2 , with
by the RG equations
where l = ln(K 0 /K) and . . . are the terms of higher orders in γ. Eqs. (10b) and (10c) for the renormalisation of the energy and the disorder strength have been obtained previously in Refs. 3 and 4. Eq. (10a) describes the flow of the preexponential in Eq. (5a). The renormalisations (10a)-(10c) can be also easily obtained diagrammatically. For instance, the one-loop renormalisation of the vertex V , Fig. 2b , is given by q diagrams equivalent to 2c, q(q − 1) diagrams equivalent to 2d, and q(q − 1) diagrams equivalent to 2e. All these . (10a) . The renormalisation of the disorder strength γ and the parameter λ for the dispersion under consideration has been described in detail in Ref. 4 .
In the one-loop order we find from Eqs. (10a)-(10c) that ζ ≈ q(2q − 1) and [4] z ≈ α − ε/4, which, together with Eq. (8), gives the multifractal spectrum (2) .
Chiral systems, such as Weyl semimetals or chiral chains with long-range hopping [25] , often have odd quasiparticle spectra, k = − −k , which leads to the mutual cancellation of diagrams 2d and 2e. The RG flow of the vertex V is given by Eq. (10a) with the replacement q(2q − 1) → 2q and with the dimensionless disorder strength γ = 2C d K −ε κ. The flow of λ is given by Eq. (10b) with the replacement 4 → 2. From the RG equations we find ζ = q + O(ε) [cf. Eq. (6)], which, according to Eq. (8), gives vanishing multifractality ∆ q = 0 in the one-loop order. Thus, finding the multifractal behaviour in such chiral systems requires RG analysis in higher orders.
In what follows we present the result for a Weyl semimetal (see Appendix for a detailed two-loop RG analysis of multifractality using the minimal-subtraction scheme).
Weyl semimetals are 3D systems with the quasiparticle dispersion k =σk, whereσ is a vector of Pauli matrices. WSM properties near the non-Anderson disorder-driven transition can be studied by performing RG analysis in d = 2 − ε dimensions with setting ε = −1 at the end of the calculation. Although the RG procedure is controlled by small ε, it is known [13, 15, 16, 19, 25] to give good agreement with numerical results even for ε ∼ 1.
The flows of the parameters of a disordered WSM in 2 − ε dimensions are given by (see Appendix)
Eqs. (11b) and (11c) for the renormalisation of the energy and disorder strength in a disordered WSM have been derived previously in Refs. 37 and 20 and in Refs. 38-43 for the equivalent Gross-Neveu model. An equation equivalent to Eq. (11a) has also been derived in Ref. [30] to describe the wavefunctions of 2D Dirac fermions on the surface of a 3D topological insulator [30, 31] . From Eqs. (11a)-(11c) we find to the two-loop order ζ = q − Level discreteness and observability of multifractality. Observation of multifractality at the critical point (E = 0, κ = κ c ) requires that the disorder-averaged energy spectrum of the system at this point is continuous, i.e. smeared by disorder and unaffected by the spatial quantisation. This condition is always met in systems with |ε| ∼ 1 as the "level width" τ (E n ) −1 ∼ E n for the lowest levels n is of the order of their energies E n .
However, for some systems, e.g., chains of ultracold ions [34] , it is possible to realise [25] |ε| 1, that corresponds to weak disorder γ c ∼ |ε| at the critical point and the existence of a large number ∼ 1/ε of energy levels that remain discrete [τ −1 (E n ) |E n − E n−1 |] at the critical disorder, although the energies and the spacings between these levels vanish in the limit L → ∞. The multifractal behaviour in such systems is observable only on sufficiently short length scales
that correspond to the wavelengths of higher levels belonging to the continuous part of the energy spectrum.
Rare-region effects. The perturbative RG that we used in this paper neglects non-perturbative instantonic contributions [5, 4] to the field theory (5a)-(5c), that, e.g., result in the formation of Lifhsitz tails near band edges and always lead to a finite density of states [35, 36] near nodes. The effects of such instantons on physical observables, such as the density of states and conductivity, are rather small near the critical point in highdimensional systems and were undetectable in all numerical studies [11, [13] [14] [15] [16] [17] [18] [19] so far except Ref. 21 .
Another potential consequence of rare-region (instantonic) effects, albeit currently not demonstrated analytically, may be the "rounding" of the criticality, i.e. preventing the divergence of the correlation length near the critical point, and thus converting the phase transition of the type discussed here into a sharp crossover, with the latter scenario advocated in Ref. 21 . In our view, the plausibility of this scenario deserves further investigation, in particular, in systems that disallow localisation by symmetry and topology. In the case the criticality does get smeared in a system, the wavefunction multifractality studied here is observable on distances shorter than a large characteristic length set by the rare-region effects.
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Appendix: Two-loop RG flow in a Weyl semimetal
Here we present a two-loop renormalisation-group analysis of the multifractal properties of a disordered Weyl semimetal in d = 2 − ε dimensions using the minimal subtraction scheme [44] .
A similar scheme has been applied recently [20] to compute the correlation-length and dynamical exponents for a WSM to the two-loop order, following previous studies of graphene [37] and of the equivalent Gross-Neveu model [38] [39] [40] [41] [42] [43] . Also, a similar multifractality analysis has been carried out in Ref. [30] for 2D (ε = 0) Dirac fermions on the surface of a 3D topological insulator. Although there is no disorder-driven phase transition in such a 2D system, the wavefunctions display multifractal behaviour on sufficiently short length scales.
Renormalisation scheme
For performing two-loop renormalisation-group analysis it is convenient to rewrite the IPRs (4) as a derivative of a partition function with respect to a supersymmetrybreaking term:
Here we have introduced a positive Matsubara frequency ω > 0 that ensures the convergence of the superintegral (13b) with respect to the bosonic components of the supervectors ψ and ψ † and, in the below calculation, also regularises infrared divergences of momentum integrals in d = 2 − ε dimensions for ε > 0.
The Lagrangian of the system in the minimal subtraction scheme is separated into the effective Lagrangian L E that describes the long-wave behaviour of the physical observables and the counterterm Lagrangian L counter that cancels contributions divergent in the powers of 1/ε:
where the velocity of the renormalised Weyl fermions (the coefficient beforeσk) is set to unity, without loss of generality, by appropriately choosing the field Ψ. The scale Ω > 0 sets the characteristic momentum of the long-wave behaviour. The coefficients V and V 0 before the source terms (13e) and (14c) are considered infinitesimal in the calculation below.
We note, that in general the renormalisation generates additional terms ∝ V [S R (r)S *
R (r)]
m S A (r)S * A (r)dr with m < q − 1, which we neglect here because their contributions to the partition function (13b) are less singular ∝ η −(m−1) at η → 0 than that of the term (14c), and, thus, they do not contribute to the IPRs (13a).
The minimal subtraction scheme [44] consists in calculating perturbative corrections to the Lagrangian (14b) and choosing the counterterms L counter to cancel divergent in powers of 1/ε contributions. The RG equations can then be derived by relating the "observable" parameters Ψ, Ω, κ, and V to the "bare" ones ψ, ω, κ 0 , and V 0 .
All momentum integrals in such a calculation are convergent in low dimensions d = 2 − ε with ε > 0. The results have to be analytically continued to higher dimensions, ε < 0, at the end of the calculation (dimensional regularisation). The "dephasing rate" η, sent to zero at the end of the calculation [cf. Eqs. (13a) and (13c)], may be assumed to be significantly smaller than the scale Ω and neglected when computing the parameters of the renormalised Lagrangian.
One-loop renormalisations
In the one-loop order the renormalisation of the disorder strength κ and the quasiparticle energy Ω has been considered in detail in Ref. 20 .
The one-loop perturbative correction to the vertex V is described by the diagrams in Fig. 2c -e and the topologically equivalent diagrams. Since the "dephasing rate" η may be neglected when considering the respective high-momentum scattering processes, the advanced and retarded Green's functions may be taken identical these diagrams. The sum of diagrams 2c-e is given by (δV )
where the prefactors q(q − 1) and q account for the numbers of topologically equivalent diagrams, p . . . = The singular part ∝ 1/ε of the one-loop corrections to the Lagrangian is cancelled by the counterterms
The presence of the one-loop counterterms (16) requires introducing the respective diagrammatic elements, Fig. 4 , in addition to the propagators and impurity lines, when calculating diagrammatically perturbative corrections beyond the one-loop order. 
Two-loop diagrams for the source-term renormalisation
The diagrams that describe the renormalisation of the source term ∝ V in the two-loop order are shown in Fig. 3 . Fig. 3(a)-(m) are computed similarly to the two-loop diagrams for the renormalisation of the disorder strength, obtained by replacing the zigzag line by an impurity line and considered in detail in Ref. 20 . The values of diagrams 3(a)-(m), together with the numbers of equivalent diagrams, are provided in Table I. Diagrams 3(n)-(p) are regular in ε due to the mutual cancellation of the singularities coming from blocks with vertical and diagonal impurity lines. For instance, the sum of the diagrams in Fig. 3(n) (see also Fig. 5 ) can be evaluated (in units V κ 2 ) as
Diagrams in
(For detailed calculations of the last integrals see Ref. 20) . The values of diagrams 3(n)-(q) are given in Table II . Similarly one can show the vanishing of singular in 1/ε contributions in diagrams 3(o) and 3(p). to O(1/ε)] of the diagrams equivalent to (n)-(q) in Fig. 3 . These diagrams exist only for q > 2.
Diagrams 3(q) are given by (in units V κ 2 )
Diagrams 3(r)-(w) are the two-loop diagrams for the corrections to the vertex V that contain one-loop counterterms and are equivalent to similar diagrams in Ref. 20 , up to replacing the zigzag line or its counterterm by the impurity line or its counterterm, with the values provided in Table III .
RG equations
The one-loop and two-loop corrections to the Lagrangian (14b) are cancelled by the counterterm La- where the values of δ(iΩ), δ(σk), and δκ have been calculated previously [20, 37] (see also Refs. 38-43):
The counterterm for the vertex V is given by the oneloop contribution (17c) minus the sum of the diagrams in Fig. 3 :
Introducing the dimensionless disorder strength
